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ORBITWISE COUNTINGS IN H(2) AND QUASIMODULAR
FORMS
SAMUEL LELIÈVRE AND EMMANUEL ROYER
Abstrat. We prove formulae for the ountings by orbit of square-
tiled surfaes of genus two with one singularity. These formulae were
onjetured by Hubert & Lelièvre. We show that these ountings admit
quasimodular forms as generating funtions.
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1. Introdution
The main result of this paper is the proof of a onjeture of Hubert &
Lelièvre.
Theorem 1. For odd n, the ountings by orbit of primitive square-tiled sur-
faes of the stratum H(2) tiled with n squares are the following. Orbit An
ontains
apn =
3
16
(n− 1)n2
∏
p|n
(
1−
1
p2
)
primitive surfaes with n squares and orbit Bn ontains
bpn =
3
16
(n− 3)n2
∏
p|n
(
1−
1
p2
)
primitive surfaes with n ≥ 3 squares and 0 for n = 1 square.
Remark. The notation
∏
p|n indiates a produt over prime divisors of n.
The supersript p is here to emphasize primitivity.
Theorem 1 an also be expressed in terms of quasimodularity of the gen-
erating funtions of the ountings. More preisely:
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Corollary 2. For any odd positive integer n, the number an of n-square-
tiled surfaes of type A in H(2), primitive or not, is the nth oeient of the
quasimodular form
+∞∑
n=0
an exp(2iπnz) =
1
1280
[
E4(z) + 10
d
2iπ dz
E2(z)
]
of weight 4, depth 2 on SL(2,Z).
Remark. Funtions E2 and E4 are the usual Eisenstein series of weight 2 and
4 respetively. They are preisely dened in equations (3) and (7).
Sine the oeients an have no geometri meaning for even n, it makes
sense to onsider only the odd part of the Fourier series. Considering the
odd part is the same as onsidering the Fourier series twisted by a Dirihlet
harater of modulus 2 (see setion 4.4). It is then natural to expet that,
similarly to the ase of modular forms (see [Iwa97, Theorem 7.4℄), the odd
part of the Fourier series is a quasimodular form on the ongruene subgroup
Γ0(4). Atually, we will prove this is the ase. Let Φ2 and Φ4 be the two
modular forms of respetive weights 2 and 4, dened on Γ0(4) as in (8) and
(9).
Theorem 3. The Fourier series∑
n∈2Z≥0+1
an exp(2iπnz)
is the quasimodular form of weight 4 and depth 1 on Γ0(4) dened by
1
1280
[
E4(z)− 9E4(2z) + 8E4(4z)− 15
d
2iπ dz
Φ2(z) + 15
d
2iπ dz
Φ4(z)
]
.
Remark. This theorem will be proved in setion 6. It is interesting to note
that forgetting the artiial terms of even order results in a lesser depth, that
is, in a simplied modular situation. (A modular form is a quasimodular form
of depth 0 so the depth may be seen as a measure of omplexity.)
n 5 7 9 11 13 15 17 19 21 23 25 27
apn 18 54 108 225 378 504 864 1215 1440 2178 2700 3159
an 18 54 120 225 378 594 864 1215 1680 2178 2808 3630
Table 1. Number of surfaes of type A.
Our results may be interpreted in terms of ounting genus 2 overs of
the torus T = C/Z+ iZ with one double ramiation point (see 2). The
general problem of ounting overs with xed ramiation type of a given
Riemann surfae was posed in 1891 by Hurwitz who preisely ounted the
overs of the sphere. In 1995, Dijkgraaf [Dij95℄ omputed the generating
series of the ountings of degree n and genus g overs of T with simple
ramiation over distint points, weighted by the inverse of the number of
automorphisms. Kaneko & Zagier [KZ95℄ introdued the notion of quasi-
modular forms and proved that the generating series omputed by Dijkgraaf
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was quasimodular of weight 6g − 6 on SL(2,Z). The ase of arbitrary rami-
ation over a single point was studied by Bloh & Okounkov [BO00℄. They
proved that the ountings lead to linear ombinations of quasimodular forms
of weight less than or equal to 6g − 6. This was used by Eskin & Okounkov
[EO01℄ to ompute volumes of the strata of moduli spaes of translation
surfaes (see also [Zor02℄). The SL(2,Z) orbits of square-tiled surfaes were
studied by Hubert & Lelièvre in the ase of a prime number of squares [HL06℄
and by MMullen [MM05℄ in the general ase.
Up to a multipliative onstant fator, our ounting funtions are the
orbifold Euler harateristis of Teihmüller urves. Matt Bainbridge inde-
pendently obtained results similar to ours in this setting.
The moduli spae of holomorphi 1-forms on omplex urves of a xed
genus g an be onsidered as a family of at strutures of a speial type
on a surfae of genus g. The group GL(2,R) ats naturally on the moduli
spae; its orbits, alled Teihmüller diss, projet to the moduli spae of
urves as omplex geodesis for the Teihmüller metri. A typial at sur-
fae has no symmetry; its stabilizer in GL(2,R) is trivial; the orresponding
Teihmüller dis is dense in the moduli spae. For some at surfaes (alled
Veeh surfaes) the stabiliser is big (a lattie) so that the orresponding
Teihmüller dis is losed. Projetions of suh Teihmüller diss, alled Te-
ihmüller urves, play the role of losed omplex geodesis.
The main lines of the proof of theorem 1 are the following. In setion 3,
we evaluate the number apn in terms of sums over sets dened by ompliated
arithmeti onditions. In setion 5, we relate these oeients apn to sums
of sums of divisors of the form∑
(a,b)∈Z2
>0
ka+b=n
σ1(a)σ1(b).
For the omputation of these sums, we use, in setion 4, the notion of quasi-
modular forms on ongruene subgroups (introdued by Kaneko & Zagier in
[KZ95℄) and we take advantage of the fat that the spaes of quasimodular
forms have nite dimension to linearise the above sums. Here, linearising
means expressing them as linear ombinations of sums of powers of divisors.
Having obtained a series whose odd oeients are the numbers an, we in-
trodue the notion of twist of a quasimodular form by a Dirihlet harater,
to onstrut a new quasimodular form generating series without artiial
Fourier oeients.
Thanks A rst version of this text was written as both authors were visiting
the Centre de Reherhes Mathématiques de Montréal, and irulated under
the title Counting integer points by Teihmüller diss in ΩM(2). This ver-
sion was written as the seond author was visiting the Warwik Mathematis
Institute. We thank both institutions for the good working onditions.
2. Geometri bakground
2.1. Square-tiled surfaes. A square-tiled surfae is a olletion of unit
squares endowed with identiations of opposite sides: eah top side is iden-
tied to a bottom side and eah right side is identied to a left side. In
addition, the resulting surfae is required to be onneted. A square-tiled
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surfae tiled by n squares is also a degree n (onneted) branhed over of
the standard torus
C/Z+ iZ with a single branh point.
Given a square-tiled surfae, to eah vertex an be assoiated an angle
whih is a multiple of 2π (four or a multiple of four squares an abutt at
eah vertex). If (ki+1)2π is the angle at vertex i, the GaussBonnet formula
implies that
s∑
i=1
ki = 2g − 2
where g is the genus of the surfae and s the total number of verties.
Figure 1. Surfae with one angle of 6π
Surfaes an be sorted aording to strata H(k1, . . . , ks). Square-tiled
surfaes are integer points of these strata. In this paper we are onerned
with surfaes in H(2), that is, with a single ramiation point of angle 6π. A
surfae tiled by n squares in H(2) is a degree n branhed over of the torus
C/Z+ iZ with one double ramiation point.
2.2. Cylinder deompositions. Given any square-tiled surfae, eah hor-
izontal line on the surfae through the interior of a square is losed, and
neighbouring horizontal lines are also losed. Thus losed horizontal lines
ome in families forming ylinders and the surfae deomposes into suh
ylinders bounded by horizontal saddle onnetions (segments joining oni-
al singularities).
Here we explain how to enumerate square-tiled surfaes in H(2) with a
given number of squares, by giving a system of oordinates for them. We in-
lude this disussion for the sake of ompleteness, although these oordinates
have already been used in [Zor02℄, [EMS03℄, [HL06℄.
We represent surfaes aording to their ylinder deompositions. Cylin-
ders of a square-tiled surfae are naturally represented as retangles. One
an ut a triangle from one side of suh a retangle and glue it bak on the
other side aording to the identiations to produe a parallelogram with
a pair of horizontal sides (eah made of one or several saddle onnetions),
and a pair of identied nonhorizontal parallel sides. A square-tiled surfae
in H(2) has one or two ylinders [Zor02℄ and an always be represented as in
gure 3 or 4. Eah ylinder has a height and a width and in addition a twist
parameter orresponding to the possibility of rotating the saddle onnetions
of the top or bottom of the ylinders before performing the identiations.
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Figure 2. Deomposition of a surfae into two ylinders
2.3. One-ylinder surfaes. For one-ylinder surfaes in H(2), we have
on the bottom of the ylinder three horizontal saddle onnetions, and the
same saddle onnetions appear on the top of the ylinder in reverse order; we
denote by ℓ the width of the ylinder and ℓ1, ℓ2, ℓ3 the lengths of the saddle
onnetions, numbered so that they appear in that order on the bottom side
and in reverse order on the top side. See gure 3.
ℓ1 ℓ2 ℓ3
ℓ1ℓ2ℓ3
h
t
Figure 3. One-ylinder surfae
For eah hoie of (ℓ1, ℓ2, ℓ3) with ℓ1 + ℓ2 + ℓ3 = n, if ℓ1, ℓ2, ℓ3 are not
all equal, there are ℓ possible values of the twist t giving dierent surfaes.
But, the three possible yli permutations of (ℓ1, ℓ2, ℓ3) yields the same
set of surfaes. So, to make oordinates uniquely dened, we require that
(ℓ1, ℓ2, ℓ3) has least lexiographi order among its yli permutations. For
ountings, it is simpler to ignore this point and to divide by 3 at the end.
If ℓ1, ℓ2, ℓ3 are all equal (and thus worth ℓ/3), there is only one yli
permutation of (ℓ1, ℓ2, ℓ3) but only ℓ/3 values of the twist t give dierent
surfaes.
The parameters we have used satisfy:
ℓ | n
ℓ1 + ℓ2 + ℓ3 = ℓ
0 ≤ t < ℓ or ℓ/3.
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Remark. From this desription of oordinates, we onlude that the number
of one-ylinder surfaes in H(2) tiled with n squares is (see [EMS03℄)
1
3
∑
ℓ|n
∑
(ℓ1,ℓ2,ℓ3)∈Z3>0
ℓ1+ℓ2+ℓ3=ℓ
ℓ.
2.4. Two-ylinder surfaes. Given a two-ylinder surfae in H(2), one of
its ylinders (all it ylinder 1) has one saddle onnetion on the top and
one saddle onnetion (of same length) on the bottom, while the other one
(all it ylinder 2) is bounded by two saddle onnetions on the top and two
saddle onnetions on the bottom. See gure 4.
u2
h2
t2
u1
h1
t1
Figure 4. Two-ylinder surfae
For eah of ylinders 1 and 2, there are three parameters: the height hi,
the width ui, the twist ti.
Given two heights h1 and h2, two widths u1 < u2, and two twists t1, t2
with 0 ≤ ti < ui, there exists a unique surfae in H(2) with two ylinders
having (h1, h2, u1, u2, t1, t2) as parameters. The number of squares is then
h1u1 + h2u2.
Remark. From this system of oordinates one dedues (see [EMS03℄) that
the number of two-ylinder surfaes in H(2) tiled by n squares is∑
(h1,h2,u1,u2)∈Z4>0
u1<u2
h1u1+h2u2=n
u1u2.
2.5. Lattie of periods. The lattie of periods of a square-tiled surfae is
the rank two sublattie of Z2 generated by its saddle onnetions.
Lemma 4. A square-tiled surfae is translation-tiled by a parallelogram if
and only if this parallelogram is a fundamental domain for a lattie ontaining
the surfae's lattie of periods.
Proof. Deompose the surfae into polygons with verties at the onial sin-
gularities. The sides of these polygons are saddle onnetions and together
generate the lattie of periods. The tiling of the plane by parallelograms
whih are a fundamental domain for this lattie (or any rank two lattie
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of the plane ontaining it) yields a tiling of the translation surfae by suh
parallelograms. 
Remark. The previous lemma implies that the area of the lattie of periods
divides the area of the surfae it omes from.
We will desribe the basis of the lattie of periods by use of the following
lemma [Ser77, Chapitre 7℄.
Lemma 5. Let Λ be a sublattie of Z + iZ of index d. Then there exists a
unique triple of integers (a, t, h) with a ≥ 1, ah = d and 0 ≤ t ≤ a− 1 suh
that
Λ = (a, 0)Z ⊕ (t, h)Z.
Remark. Let S be a square-tiled surfae in H(2), and let
(
a t
0 h
)
be the matrix
orresponding to its lattie of periods. If S is one ylinder then h is the height
of its unique ylinder ; if S is two-ylinder, with ylinders of height h1 and
h2, then h = (h1, h2).
Denition 6. A square-tiled surfae is alled primitive if its lattie of periods
is Z2, in other words if
(
a t
0 h
)
=
(
1 0
0 1
)
.
Denition 7. A square-tiled surfae is alled primitive in height if h = 1.
The linear ation of GL(2,Q)+ on R2 indues an ation of GL(2,Q)+
on square-tiled surfaes. This ation preserves orientation. The ation of
SL(2,Z) preserves the number of square tiles, and preserves primitivity.
Hubert & Lelièvre have shown that if n ≥ 5 is prime, the square-tiled
surfaes in H(2) tiled with n squares (neessarily primitive sine n is prime)
form into two orbits under SL(2,Z), denoted by An and Bn.
If n is not prime and n ≥ 6, not all surfaes tiled by n squares are primi-
tive, and if n has many divisors these surfaes split into many orbits under
SL(2,Z), most of them lying in orbits under GL(2,Q)+ of primitive square-
tiled surfaes with fewer squares. There an be an arbitrary number of
suh artiial SL(2, Z)-orbits. Artiial orbits onsist only of nonprimitive
square-tiled surfaes, sine the ation of SL(2,Z) preserves primitivity.
Let n be an odd integer. We an distinguish two types of surfaes among
surfaes tiled by n squares in H(2). These two types are distinguished by
Weierstrass points, as follows (see [HL06℄).
On a surfae in H(2), the matrix
(
−1 0
0 −1
)
indues an involution whih an
be shown to have six x points, alled the Weierstrass points of the surfae.
It is easy to show that for a square-tiled surfae these points have oordinates
in
1
2Z. The type invariant is determined by the number of Weierstrass points
whih have both their oordinates integer:
• a surfae is of type A if it has one integer Weierstrass point;
• a surfae is of type B if it has three integer Weierstrass points.
Remark. We give an interpretation in terms of orbits. Consider the orbit
under GL(2,Q)+ of a surfae S tiled by n squares. Then
• the primitive square-tiled surfaes in this orbit all have the same
number of squares, say d,
• the ation of GL(2,Q)+ restrits to an ation of SL(2,Z) on these
primitive square-tiled surfaes;
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• these primitive surfaes form an orbit under SL(2,Z);
• MMullen extended the result of Hubert & Lelièvre by showing that
if d ≥ 5 is odd, the set of primitive square-tiled surfaes in H(2) tiled
with d squares is partitioned in two orbits under SL(2,Z) denoted
Ad and Bd;
• the type an be read on these primitive square-tiled surfaes.
3. Sum-type formulae for the orbitwise ountings
3.1. From primitive to non primitive ountings. In this setion, we es-
tablish relations between ountings of primitive surfaes, ountings of height
primitive surfaes and ountings of (non neessarily primitive) surfaes. For
any integer ℓ, the funtion σℓ is dened by
(1) σℓ(n) =
{∑
d|n d
ℓ
if n ∈ Z>0
0 otherwise.
For n ∈ Z>0, we dene En as the set of n squares surfaes in H(2), E
p
n as
its subset of primitive surfaes and Ephn as its subset of primitive in height
surfaes. For d ∈ Z>0, we note Λd the set of sublatties of Z + iZ of index
d. The desription of surfaes by primitive surfaes is given by the following
lemma.
Lemma 8. For n ∈ Z>0, we have the following bijetion
En ≃
⋃
d|n
Epn/d × Λd.
Proof. Let S ∈ En and d be the index in Z + iZ of its lattie of periods
Per(S). Then d | n and Per(S) ∈ Λd. With the notations of lemma 5, we
write Per(S) = (a, 0)Z ⊕ (t, h)Z. To S we assoiate a surfae tiled by n/d
squares:
S′ =
(
a t
0 h
)−1
S.
The lattie of periods of S′ is Z + iZ so that it is primitive. Conversely,
let S′ ∈ Epn/d and Λ ∈ Λd. With the notations of lemma 5, we write Λ =
(a, 0)Z ⊕ (t, h)Z. Then
S =
(
a t
0 h
)
S′
has n = ah squares. 
Corollary 9. For n ∈ Z>0, we have
#En =
∑
d|n
σ1(d)#E
p
n/d.
Proof. By lemma 5, we have
#Λd =
∑
(a,t,h)∈Z3
≥0
ah=d
0≤t<a
1 = σ1(d).

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We reall that a surfae S is primitive in height if h = 1 with the notations
of lemma 5. That is, its lattie of periods is Per(S) = (a, 0)Z + (t, 1)Z with
a ≥ 1 and 0 ≤ t ≤ a − 1. We write Λ′d for the set of these latties having
index d (implying d = a). We have #Λ′d = d. Similary to lemma 8 we have
Lemma 10. For n ∈ Z>0, we have the following bijetion
En ≃
⋃
d|n
Ephn/d × Λ
′
d.
Corollary 11. For n ∈ Z>0, we have
#En =
∑
d|n
d ·#Ephn .
We dedue the same result for surfaes of type A. For odd n, dene A′n
as the set of n-square-tiled surfaes of type A in H(2), Apn as its subset of
primitive surfaes (whih oinides with the SL(2,Z)-orbit An) and A
ph
n as
its subset of height-primitive surfaes.
Lemma 12. For n ∈ Z odd, we have the following bijetion
A′n ≃
⋃
d|n
Ap
n/d
× Λd.
Proof. We reall that the type of a surfae is haraterized by the number of
its Weierstrass points with integer oordinates. To dedue lemma 12 from
lemma 8 it then sues to prove that a Weierstrass point P has half-integer
oordinates
1
in a basis determined by Per(S) if and only if its image by the
bijetion of lemma 8 has half-integer oordinates in the anonial basis of
Z+ iZ. Let S ∈ En, Per(S) = (a, 0)Z⊕ (t, h)Z its lattie of periods with the
notations of lemma 5. We set
M =
(
a t
0 h
)
.
Let P a Weierstrass point in S, we assume that its oordinates in the basis
of Per(S) are (ℓ/2,m/2) with m and n not simultaneously even. The oor-
dinates of P in Z+ iZ are therefore (aℓ+mt,mh)/2, hene, those of M−1P
in M−1S are (ℓ/2,m/2) in the standard basis of Z+ iZ. 
Corollary 13. For n ∈ Z>0, we have
an =
∑
d|n
σ1(d)a
p
n/d.
Lemma 14. For n ∈ Z odd, we have the following bijetion
A′n ≃
⋃
d|n
Aphn/d × Λ
′
d.
Corollary 15. For n ∈ Z>0, we have
an =
∑
d|n
daphn/d.
1
Meaning in
1
2
Z2 but not in Z2
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To express the number of primitive surfaes in terms of the numbers of
primitive in height ones, we reall some basi fats on L-funtions. For an
arithmeti funtion f , we dene
L(f, s) =
+∞∑
n=1
f(n)n−s.
If id denotes the identity funtion, we have
L(idℓ f, s) = L(f, s− ℓ).
For f and g two arithmeti funtions with onvolution produt f ∗g, we have
L(f ∗ g, s) = L(f, s)L(g, s).
The onstant equal to 1 funtion is denoted by 1 and, we have
L(1, s) = ζ(s)
the Riemann ζ funtion. Moreover
L(µ, s) =
1
ζ(s)
and L(σk, s) = ζ(s)ζ(s− k).
Lemma 16. Let n ∈ Z>0. Then
apn =
∑
d|n
µ(d)aphn/d.
Proof. Lemma 14 is then
L(an, s) = ζ(s− 1)L(a
ph, s)
and lemma 12 is
L(an, s) = ζ(s)ζ(s− 1)L(a
p, s).
We dedue
L(ap, s) =
1
ζ(s)
L(aph, s)
hene the result. 
Next, we give sum-type formulae for the number of surfaes in Aphn .
Proposition 17. Let n ∈ Z>0, the number of height-primitive one-ylinder
surfaes with n squares in H(2) of type A is
1
3
∑
ℓ1,ℓ2,ℓ3 odd
ℓ1+ℓ2+ℓ3=n
n.
Proof. See gure 5. Sine the ylinder is primitive in height, it has height 1.
As proved in [HL06, 5.1.1℄, the Weierstrass points are
• the saddle point, whih has integer oordinates
• two points lying on the ore of the ylinder, whih do not have integer
oordinates
• the midpoints of the three saddle onnetions, eah of these points
having integer oordinates if and only if the orresponding saddle
onnetion has even length.

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Figure 5. Weierstrass points of a one-ylinder surfae
Proposition 18. Let n ∈ Z>0, the number of height-primitive two-ylinder
surfaes with n squares in H(2) of type A is∑
h1,h2,u1,u2∈Z≥0
h1u1+h2u2=n
(h1,h2)=1
h1,h2 odd
u1<u2
u1u2 +
1
2
∑
h1,h2,u1,u2∈Z≥0
h1u1+h2u2=n
(h1,h2)=1
h1 6≡h2 (mod 2)
u1<u2
u1u2 even
u1u2.
Proof. Among height-primitive two-ylinder surfaes with parameters h1, h2,
u1, u2, t1, t2, suh that h1u1 + h2u2 = n (odd):
• all surfaes with h1 and h2 odd are of type A;
• all surfaes with u1 and u2 odd are of type B;
• exatly half of the remaining surfaes (with dierent parity for u1
and u2 and for h1 and h2) are of type A, and half are of type B;
for eah (h1, h2, u1, u2), there are u1u2 possible twists (if n is not prime some
values of the twists may yield non primitive surfaes whih is why we only
require height-primitivity). In the ase of dierent parities for h1 and h2 and
for u1 and u2, the produt u1u2 is even and exatly half of the possible twists
orresponds to eah type. The height-primitivity ondition is just that the
heights of the ylinders have greatest ommon divisor equal to one. 
Figure 6. Weierstrass points of a two-ylinder surfae
4. Quasimodular forms
4.1. Motivation. The aim of this part is the omputation of sums of type
(2) Sk(n) =
∑
(a,b)∈Z2
>0
ka+b=n
σ1(a)σ1(b)
with k ∈ Z>0. Here we study only the ases k ∈ {1, 2, 4} but the method in
fat applies to every k [Roy05℄.
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Useful to the study of these sums is the weight 2 Eisenstein series
(3) E2(z) = 1− 24
+∞∑
n=1
σ1(n)e(nz)
where
e(τ) = exp(2iπτ) (ℑm τ > 0).
Dening
Hk(z) = E2(z)E2(kz),
one gets
(4) Hk(z) = 1− 24
+∞∑
n=1
[
σ1(n) + σ1
(n
k
)]
e(nz) + 576
+∞∑
n=1
Sk(n)e(nz).
We shall ahieve the linearisation of Hk using the theory of quasimodular
forms, developed by Kaneko & Zagier. The omputation of Sk(n) will be
dedued for eah n.
4.2. Denition. Let us therefore begin by surveying our prerequisites on
quasimodular forms, referring to [MR05, 17℄ for the details. Dene
Γ0(N) =
{(
a b
c d
)
: (a, b, c, d) ∈ Z4, ad− bc = 1, N | c
}
for all integers N ≥ 1. In partiular, Γ0(1) is SL(2,Z). Denote by H the
Poinaré upper half plane:
H = {z ∈ C : ℑm z > 0}.
Denition 19. Let N ∈ Z>0, k ∈ Z≥0 and s ∈ Z≥0. A holomorphi funtion
f : H → C
is a quasimodular form of weight k, depth s on Γ0(N) if there exist holomor-
phi funtions f0, f1, . . . , fs on H suh that
(5) (cz + d)−kf
(
az + b
cz + d
)
=
s∑
i=0
fi(z)
(
c
cz + d
)i
for all
(
a b
c d
)
∈ Γ0(N) and suh that fs is holomorphi at the usps and not
identially vanishing. By onvention, the 0 funtion is a quasimodular form
of depth 0 for eah weight.
Here is what is meant by the requirement for fs to be holomorphi at the
usps. One an show [MR05, Lemme 119℄ that if f satises the quasimodu-
larity ondition (5), then fs satises the modularity ondition
(cz + d)−(k−2s)fs
(
az + b
cz + d
)
= fs(z)
for all
(
a b
c d
)
∈ Γ0(N). Asking fs to be holomorphi at the usps is asking
that, for all M =
( α β
γ δ
)
∈ Γ0(1), the funtion
z 7→ (γz + δ)−(k−2s)fs
(
αz + β
γz + δ
)
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has a Fourier expansion of the form
+∞∑
n=0
f̂s,M(n)e
(
nz
uM
)
where
uM = inf{u ∈ Z>0 : T
u ∈M−1Γ0(N)M}.
In other words, fs is automatially a modular funtion and is required to be
more than that, a modular form of weight k−2s on Γ0(N). It follows that if
f is a quasimodular form of weight k and depth s, non identially vanishing,
then k is even and s ≤ k/2.
Remark. Let χ be a Dirihlet harater (see  4.4). If f satises all of what
is needed to be a quasimodular form exept (5) being replaed by
(cz + d)−kf
(
az + b
cz + d
)
= χ(d)
n∑
i=0
fi(z)
(
c
cz + d
)i
,
then, one says that f is a quasimodular form of weight k, depth s and
harater χ on Γ0(N).
The Eisenstein series E2 transforms as
(cz + d)−2E2
(
az + b
cz + d
)
= E2(z) +
6
iπ
c
cz + d
under the ation of any
(
a b
c d
)
∈ Γ0(1). Hene, E2 is a quasimodular form of
weight 2 and depth 1 on Γ0(1). Dening
EN,2(z) = E2(Nz),
one has
(cz + d)−2EN,2
(
az + b
cz + d
)
= EN,2(z) +
6
iπN
c
cz + d
for all
(
a b
c d
)
∈ Γ0(N). Hene, EN,2 is a quasimodular form of weight 2 and
depth 1 on Γ0(N). One denotes by M˜k[Γ0(N)]
≤s
the spae of quasimodular
forms of weight k and depth less than or equal to s on Γ0(N). The spae
M˜k[Γ0(N)]
≤0
is the spaeMk[Γ0(N)] of modular forms of weight k on Γ0(N).
A reurrene on the depth implies [MR05, Corollaire 121℄ the equality
(6) M˜k[Γ0(N)]
≤s =
s⊕
i=0
Mk−2i[Γ0(N)]E
i
2.
It is known that M2[Γ0(1)] = {0}. However, if N > 1, one dedues from
CE2 ⊕ CEN,2 ⊂ M˜2[Γ0(N)]
≤1 = M2[Γ0(N)] ⊕CE2
that dimM2[Γ0(N)] ≥ 1. By the way, for every family (cd)d|N suh that∑
d|N
cd
d
= 0
one has z 7→∑
d|N
cdE2(dz)
 ∈ M2[Γ0(N)].
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Denote by D the dierential operator
D =
1
2iπ
d
dz
.
It denes a linear appliation from M˜k[Γ0(N)]
≤s
to M˜k+2[Γ0(N)]
≤s+1
. This
appliation is injetive and stritly inreases the depth if k > 0. This prop-
erty allows to linearise the basis given in (6).
Lemma 20. Let k ≥ 2 even. Then,
M˜k[Γ0(N)]
≤k/2 =
k/2−1⊕
i=0
DiMk−2i[Γ0(N)]⊕ CD
k/2−1E2.
4.3. Sums of sums of divisors. Lemma 20 allows to reah our goal by
expressing the sums S1, S2 and S4 introdued in (2) as follows.
Proposition 21. Let n ≥ 1. Then,
S1(n) =
5
12
σ3(n)−
n
2
σ1(n) +
1
12
σ1(n),
S2(n) =
1
12
σ3(n)+
1
3
σ3
(n
2
)
−
1
8
nσ1(n)−
1
4
nσ1
(n
2
)
+
1
24
σ1(n)+
1
24
σ1
(n
2
)
and
S4(n) =
1
48
σ3(n) +
1
16
σ3
(n
2
)
+
1
3
σ3
(n
4
)
−
1
16
nσ1(n)−
1
4
nσ1
(n
4
)
+
1
24
σ1(n) +
1
24
σ1
(n
4
)
.
Proof. We detail the proof for the expression of S4. The funtion H4, in-
trodued in (4), is a quasimodular form of weight 4 and depth 2 on Γ0(4).
Lemma 20 gives
M˜4[Γ0(4)]
≤2 = M4[Γ0(4)] ⊕DM2[Γ0(4)] ⊕ CDE2.
The spae M4[Γ0(4)] has dimension 3 and ontains the linearly independent
funtions
E4(z) = 1 + 240
+∞∑
n=1
σ3(n)e(nz)(7)
E2,4(z) = E4(2z)
E4,4(z) = E4(4z).
The spae M2[Γ0(4)] has dimension 2 and is generated by
Φ2(z) = 2E2(2z) − E2(z)(8)
Φ4(z) =
4
3
E2(4z) −
1
3
E2(z).(9)
Hene, by the omputations of the rst seven Fourier oeients, one gets
H4 =
1
20
E4 +
3
20
E2,4 +
4
5
E4,4 +
9
2
DΦ4 + 3DE2.
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The omputation of S4 is then obtained by omparison of the Fourier oef-
ients of this equality. The omputation of S2 is obtained along the same
lines via the equality
H2 =
1
5
E4 +
4
5
E2,4 + 3DΦ2 + 6DE2
between forms of M˜4[Γ0(2)]
≤2
. At last, the expression of S1 is dedued from
the equality
E22 = E4 + 12DE2
between forms of M˜4[Γ0(1)]
≤2
. 
Remark. The omputation of H4, whih lies in the dimension 6 vetor spae
with basis {E4, E2,4, E4,4,DΦ2,DΦ4,DE2}, required working on seven on-
seutive Fourier oeients. We briey explain why, mentioning that any
sequene of 6 onseutive oeients is not suient. For any funtion
f(z) =
+∞∑
n=0
f̂(n)e(nz)
and any integer i ≥ 0, dene
c(f, i) =
(
f̂(i), f̂ (i+ 1), f̂(i+ 2), f̂(i+ 3), f̂ (i+ 4), f̂(i+ 5)
)
,
and let
v1(i) = c(E4, i) v2(i) = c(E2,4, i) v3(i) = c(E4,4, i)
v4(i) = c(DΦ2, i) v5(i) = c(DΦ4, i) v6(i) = c(DE2, i).
Then, for eah i, there exists an expliitly omputable linear relation be-
tween v2(i), v3(i), v4(i), v5(i) and v6(i). One ould think of using a basis
of M˜4[Γ0(1)]
≤2
ehelonized by inreasing powers of e(z). The same phenom-
enon would however appear when hanging to suh a basis and expressing
the new basis elements in terms of the original basis.
4.4. Twist by a Dirihlet harater. Reall that a Dirihlet harater χ
is a harater of a multipliative group (Z/qZ)
×
extended to a funtion on
Z by dening
χ(n) =
{
χ (n (mod q)) if (n, q) = 1
0 otherwise
(see e.g. [IK04, Chapter 3℄).
A quasimodular form admits a Fourier expansion
(10) f(z) =
+∞∑
n=0
f̂(n)e(nz).
Sine we shall need to ompute the odd part of a quasimodular form, we
introdue the notion of twist of a quasimodular form by a Dirihlet harater.
Denition 22. Let χ be a Dirihlet harater. Let f be a funtion having
Fourier expansion of the form (10). The twist of f by χ is the funtion f⊗χ
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dened by the Fourier expansion
f ⊗ χ(z) =
+∞∑
n=0
χ(n)f̂(n)e(nz).
The interest of this denition is that it allows to build quasimodular forms,
as stated in the next proposition.
Proposition 23. Let χ be a Dirihlet harater of ondutor m with non
vanishing Gauss sum. Let f be a quasimodular form of weight k and depth
s on Γ0(N). Then f ⊗χ is a quasimodular form of weight k, depth less than
or equal s and harater χ2 on Γ0
(
lcm(N,m2)
)
.
Remark. The Gauss sum of a harater χ modulo m is dened by
τ(χ) =
∑
u (modm)
χ(u)e
( u
m
)
.
Proof. The proof is an adaptation of the orresponding result for modular
forms (see e.g. [Iwa97, Theorem 7.4℄). We onsider for eah k the following
ation of SL2(R) on holomorphi funtions on H:
(f |
k
(
a b
c d
)
)(z) = (cz + d)−kf
(
az + b
cz + d
)
.
Sine χ is primitive, this sum is not zero. One has
(11) τ(χ)g ⊗ χ =
∑
v (modm)
χ(v)(g |
k
(
1 v/m
0 1
)
)
as soon as g has a Fourier expansion of the form (10). DeneM = lcm(N,m2).
Let
( α β
γ δ
)
∈ Γ0(M). The matrix(
1 v/m
0 1
)(
α β
γ δ
)(
1 vδ2/m
0 1
)−1
being in Γ0(N), one dedues from the level N quasimodularity of f and (11)
that
τ(χ)(f ⊗ χ|
k
( α β
γ δ
)
)(z) =
s∑
i=0
∑
v (modm)
χ(v)(fi |
k−2i
(
1 δ2v/m
0 1
)
)(z)
 γ
γ
(
z + δ
2v
m
)
+ δ − γδ
2v
m
i .
Sine the funtions fi are themselves quasimodular forms (see [MR05, Lemme
119℄), they admit a Fourier expansion. Hene, from (11),
τ(χ)(f ⊗ χ|
k
( α β
γ δ
)
)(z) = τ(χ)χ(δ)2
s∑
i=0
fi ⊗ χ(z)
(
γ
γz + δ
)i
.
It follows that f ⊗ χ satises the quasimodularity ondition. There remains
to prove the holomorphy at the usps, whih is quite deliate sine fs⊗χmay
be 0 even though fs is not. Atually, lemma 20 and the fat that the twist of
a modular form on Γ0(N) by a primitive Dirihlet harater of ondutor m
is a modular form on Γ0(M) show that the proposition is proved as soon as
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it is proved for f = Dk/2−1E2. In that ase, s = k/2 and fs⊗χ is not 0 (see
[MR05, Lemma 118℄), hene fs being a modular form implies that fs ⊗ χ is
also one.

5. Proof of Hubert & Lelièvre onjeture
The aim of this part is the proof of theorem 1. In all this part, n is
assumed to be odd. Dene
α1(n, r) =
∑
(h1,u1,h2,u2)∈A1(n,r)
u1u2
α2(n, r) =
1
2
∑
(h1,u1,h2,u2)∈A2(n,r)
u1u2
α3(n, r) =
n
3
∑
(u1,u2,u3)∈A3(n,r)
1
with
A1(n, r) ={
(h1, u1, h2, u2) ∈ Z
4
>0 :
(h1, h2) = 1,
h1 and h2 odd,
u1 < u2, h1u1 + h2u2 =
n
r
}
A2(n, r) ={
(h1, u1, h2, u2) ∈ Z
4
>0 :
(h1, h2) = 1,
h1 or h2 even,
u1 < u2,
u1 or u2 even,
h1u1 + h2u2 =
n
r
}
and
A3(n, r) =
{
(u1, u2, u3) ∈ (2Z≥0 + 1)
3 : u1 + u2 + u3 =
n
r
}
.
By lemma 16 and propositions 17 and 18, our goal is the omputation of
(12) apn =
∑
r|n
µ(r) [rα1(n, r) + rα2(n, r) + α3(n, r)] .
This, and hene theorem 1 is the onsequene of the following lemmas 25,
28 and 29.
5.1. A preliminary arithmetial result. The following lemma will be
useful in the sequel.
Lemma 24. Let n ≥ 1, then∑
r|n
rµ(r)
∑
d|n/r
µ(d)σk
( n
rd
)
= nk
∑
r|n
µ(r)
rk−1
.
and ∑
r|n
µ(r)
∑
d|n/r
µ(d)
d
σ1
( n
rd
)
= n
∑
d|n
µ(d)
d2
.
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Proof. Consider the funtion
f = (idℓ µ) ∗ µ ∗ σk.
Then,
L(f, s) =
ζ(s− k)
ζ(s− ℓ)
= L(idℓ µ, s)L(idk, s)
hene
f = (idℓ µ) ∗ idk .
The lemma follows by taking ℓ = 1 for the rst equality and ℓ = k = 1 for
the seond. 
Remark. Note that ∑
r|n
µ(r)
r2
=
∏
p|n
(
1−
1
p2
)
.
5.2. Two ylinders and odd heights. Here, we ompute the sum∑
r|n
rµ(r)α1(n, r).
More preisely, we prove the following lemma.
Lemma 25. The number of type A primitive surfaes with n squares and
two ylinders of odd height is
n2(n − 1)
8
∑
r|n
µ(r)
r2
.
Write
(13) α1(n, r) = γ1(n, r)− α˜1(n, r)
with
γ1(n, r) =
∑
(h1,u1,h2,u2)∈C(n,r)
u1u2
and
α˜1(n, r) =
∑
(h1,u1,h2,u2)∈A˜1(n,r)
u1u2
where
C(n, r) =
{
(h1, u1, h2, u2) ∈ Z
4
>0 : (h1, h2) = 1, u1 < u2, h1u1 + h2u2 =
n
r
}
and (realling that n is odd)
A˜1(n, r) =
{
(h1, u1, h2, u2) ∈ Z
4
>0 :
(h1, h2) = 1,
h1 or h2 even,
u1 < u2, h1u1 + h2u2 =
n
r
}
.
Note that the sum ∑
r|n
rµ(r)γ1(n, r)
is the total number of primitive surfaes with two ylinders. Lemma 25 is a
onsequene of the two following lemmas 26, 27 and of equation (13).
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5.2.1. Surfaes with two ylinders. We prove the following result.
Lemma 26. For n odd, the number of primitive surfaes with n squares and
two ylinders is
n2(5n − 18)
24
∑
r|n
µ(r)
r2
−
n
2
ϕ(n)
where ϕ is the Euler funtion.
Using Möbius inversion formula, one obtains
γ1(n, r) =
∑
d|n/r
µ(d)
∑
(i1,u1,i2,u2)∈Z4>0
u1<u2
i1u1+i2u2=n/(rd)
u1u2
= γ1,1(n, r)− γ1,2(n, r)(14)
with
γ1,1(n, r) =
1
2
∑
d|n/r
µ(d)
∑
(i1,u2,i2,u2)∈Z4>0
i1u1+i2u2=n/(rd)
u1u2
and
γ1,2(n, r) =
1
2
∑
d|n/r
µ(d)
∑
(i1,i2,u)∈Z3>0
(i1+i2)u=n/(rd)
u2.
One has
γ1,1(n, r) =
1
2
∑
d|n/r
µ(d)
∑
(v1,v2)∈Z2>0
v1+v2=n/(rd)
∑
w1|v1
w1
∑
w2|v2
w2 =
1
2
∑
d|n/r
µ(d)S1
( n
rd
)
.
By proposition 21, this an be linearised to
γ1,1(n, r) =
5
24
∑
d|n/r
µ(d)σ3
( n
rd
)
−
n
4r
∑
d|n/r
µ(d)
d
σ1
( n
rd
)
+
1
24
∑
d|n/r
µ(d)σ1
( n
rd
)
so as to obtain
(15)
∑
r|n
rµ(r)γ1,1(n, r) =
(
5
24
n3 −
1
4
n2
)∑
r|n
µ(r)
r2
thanks to lemma 24.
Next, one has
γ1,2(n, r) =
1
2
∑
d|n/r
µ(d)
∑
v|n/(rd)
v2
( n
rdv
− 1
)
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so that∑
r|n
rµ(r)γ1,2(n, r) =
n
2
∑
r|n
µ(r)
∑
d|n/r
µ(d)
d
σ1
( n
rd
)
−
1
2
∑
r|n
rµ(r)
∑
d|n/r
µ(d)σ2
( n
rd
)
=
n2
2
∑
r|n
µ(r)
r2
−
n
2
ϕ(n)(16)
by lemma 24.
Finally, reporting (16) and (15) in (14) leads to lemma 26.
5.2.2. Even produt of heights. Let us now ompute the ontribution of
α˜1(n, r).
Lemma 27. The number of type A primitive surfaes with n squares and
two ylinders, one having even height is
n2(2n− 15)
24
∑
r|n
µ(r)
r2
+
n
2
ϕ(n).
Write
(17) α˜1(n, r) = α˜1,1(n, r)− α˜1,2(n, r)
with, realling again that n is odd,
α˜1,1(n, r) =
1
2
∑
d|n/r
µ(d)
∑
(i1,u1,i2,u2)∈A˜1,1(n,r)
u1u2
and
α˜1,2(n, r) =
1
2
∑
d|n/r
µ(d)
∑
(i1,i2,u)∈A˜1,2(n,r)
u2
where
A˜1,1 =
{
(i1, u1, i2, u2) ∈ Z
4
>0 : i1 or i2 even, i1u1 + i2u2 =
n
dr
}
and
A˜1,2 =
{
(i1, i2, u) ∈ Z
3
>0 : i1 or i2 even, (i1 + i2)u =
n
dr
}
.
Sine i1 and i2 are not simultaneously even, one has
α˜1,1(n, r) =
∑
d|n/r
µ(d)
∑
(v1,v2)∈Z2>0
v1+v2=n/(dr)
∑
i1|v1
i1 even
∑
i2|v2
i2 =
∑
d|n/r
µ(d)S2
( n
dr
)
.
Using proposition 21 and lemma 24, one obtains
(18)
∑
r|n
rµ(r)α˜1,1(n, r) =
(
1
12
n3 −
1
8
n2
)∑
r|n
µ(r)
r2
.
Next,
α˜1,2(n, r) =
1
2
∑
d|n/r
µ(d)
∑
u|n/(dr)
u2
( n
rdu
− 1
)
.
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Lemma 24 gives
(19)
∑
r|n
rµ(r)α˜1,2(n, r) =
n2
2
∑
r|n
µ(r)
r2
−
n
2
ϕ(n).
Reporting (19) and (18) in (17) leads to lemma 27.
5.3. Two ylinders with even produt of heights. Compute at last the
sum ∑
r|n
rµ(r)α2(n, r).
Lemma 28. The number of type A primitive surfaes with n squares and
two ylinders, one having an even height, the other having an even length is
n2(n − 3)
48
∑
r|n
µ(r)
r2
.
Sine n is odd, one has
α2(n, r) =
1
4
∑
d|n/r
µ(d)
∑
(i1,u1,i2,u2)∈Â1,2(n,r,d)
u1u2
with
Â1,2(n, r, d) =
(i1, u1, i2, u2) ∈ Z4>0 : i1 and u1 even,or
i2 and u2 even,
i1u1 + i2u2 =
n
rd
 .
Hene,
α2(n, r) =
1
2
∑
d|n/r
µ(d)
∑
(i1,u1,i2,u2)∈Z4>0
i1 and u1 even
i1u1+i2u2=n/(rd)
u1u2
=
∑
d|n/r
µ(d)S4
( n
rd
)
.
The result follows from proposition 21 and lemma 24.
5.4. One ylinder. The ounting in that ase is more diret.
Lemma 29. The number of type A primitive surfaes with n squares and
one ylinder is
n3
24
∑
r|n
µ(r)
r2
.
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One atually has∑
r|n
µ(r)α3(n, r) =
n
3
∑
r|n
µ
(n
r
)
#
{
(v1, v2, v3) ∈ Z
3
≥0 : v1 + v2 + v3 =
r − 3
2
}
=
n
3
∑
r|n
µ
(n
r
) r2 − 1
8
=
1
24
n3
∑
r|n
µ(r)
r2
.
5.5. Computation of a generating series. The number of non neessarily
primitive surfaes with an odd number n of squares of type A is given by
an =
∑
d|n
σ1
(n
d
)
apd.
Even though this does not have any geometri sense, one an dene numbers
apn and an by these formulae for even n ≥ 2. We will ompute the Fourier
series attahed to the resulting sequene (an)n∈Z>0 . Corollary 2 follows di-
retly from the following proposition.
Proposition 30. Let n ≥ 1. Then
an =
3
16
[σ3(n)− nσ1(n)].
Proof. We use the basi fats of  5.1. We have
an =
3
16
[k3(n)− k2(n)]
where, for ℓ ∈ Z, the arithmetial funtion kℓ is dened by
kℓ = σ1 ∗ (id
ℓΨ)
with
Ψ(n) =
∑
r|n
µ(r)
r2
= 1 ∗ (idΨ)(n).
We dedue that
L(kℓ, s) =
ζ(s)ζ(s− 1)ζ(s− ℓ)
ζ(s− ℓ+ 2)
hene
k3 = σ3 and k2 = idσ1.

6. The assoiated Fourier series
Reall that the two weight 2 modular forms Φ2 and Φ4 on Γ0(2) and
Γ0(4) respetively have been dened in (8) and (9). In this setion, we prove
theorem 3. Sine we want to eliminate the oeients of even order, it is
natural to onsider the Fourier series obtained by twisting all oeients by a
modulus 2 harater. By proposition 23, one obtains a quasimodular form of
weight 4, depth less than or equal to 2 on Γ0(4), hene a linear ombination
of E4, E2,4, E4,4, DΦ2, DΦ4 and DE2 (see the proof of proposition 21). The
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oeients of this ombination are found by omputation of the rst seven
Fourier oeients.
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